Abstract: A constitutive model based on hyperelasticity is proposed to capture the resilient ͑elastic͒ behavior of granular materials. Resilient behavior is a widely accepted idealization of the response of unbound granular layers of pavements, following shakedown. The coupling property of the proposed model accounts for shear dilatancy and pressure-dependent behavior of the granular materials. The model is calibrated using triaxial resilient test data obtained from the literature. A statistical comparison is made between the predictions of the proposed model and a few of the prominent models of resilient response. The proposed coupled hyperelastic model yields a significantly better fit to the experimental data. It also offers a computational efficiency when implemented in a classical nonlinear finite elemental framework.
Introduction
Granular materials comprise discrete grains, air voids, and water. The interplay of these constituents leads to a complex behavior under applied loading. Modeling the response of granular solids is usually tractable only after simplifying assumptions, appropriate to specific types of applications, are made ͑see, for example, Desai and Siriwardane 1984; Chen and Saleeb 1994͒ . The widely accepted concept of ''resilient response'' is the main simplifying assumption used to model the response of granular base and subbase layers of pavement structures ͑Huang 1993͒.
It has been observed that the granular layer of a pavement shakes down to a resilient ͑elastic͒ state via compaction during construction and under repeated wheel loads during the early stages of its service life. Resilient triaxial test ͑Allen and Thompson 1974; Karasahin et al. 1994͒ , designed to mimic the stress state in granular layers, indicate that the inelastic deformations quickly shake down under cyclic loading and subsequently the response is essentially elastic ͑albeit nonlinear͒, as shown schematically in Fig. 1 . Triaxial test data also indicate a strong stress dependence of the final shakedown slope of cyclic response. Efforts to characterize this nonlinear elastic response go back at least to Hicks and Monismith ͑1971͒ who fit the resilient response data to a pressure dependent power law. As will be discussed later in more detail, there have been many subsequent efforts ͑Brown and Pappin 1981; Witczak and Uzan 1988͒ to improve the characterization of the resilient behavior within the framework of hypoelasticity with a stress-dependent ͑secant͒ modulus that can be easily implemented in a finite element analysis program. The drawback of these formulations is that they do not always lead to path-independent response, and thus violate the basic premise of elasticity. Indeed, Uzan ͑1992͒ modified his earlier model to restore path independence. The new model, which demonstrated success in predicting the resilient response data, is also based on the notion of stress-dependent ͑secant͒ moduli.
Finite element implementation of models with stressdependent moduli is commonly done with a fixed-point iteration scheme using a secant modulus method. The secant-based methods have slower ͑asymptotic͒ convergence rates than do tangent methods ͑e.g., the Newton-Raphson method͒ and-for at least in the case of resilient modulus methods-they often require the assistance of costly line-search and numerical damping procedures ͑Brown and Pappin 1981; Harichandran et al. 1990; Tutumluer 1995͒ . The relatively simple mathematical form of the resilient moduli proposed by Hicks and Monismith ͑1971͒ and Witczak and Uzan ͑1988͒ permit an explicit inversion of the stress-strain relationships, so that a tangent-based solution method can be employed in the finite element computations ͑Hjelmstad and Taciroglu 2000͒. Unfortunately, the resulting structural stiffness matrix is unsymmetric. Thus, the demand for computer memory and the cost of solving the finite element equations are greatly increased. This fact naturally imposes critical limits on the resolution of the three-dimensional finite element models ͑meshes͒ of pavements that are required for numerical wheel-load interaction and thermal loading studies ͑Hjelmstad et al. 1997͒. Therefore, although this latter ͑tangent-based͒ implementation of the stress-dependent resilient moduli is more efficient compared to the common ͑secant-based fixed-point iteration͒ implementations, it still is not ideal for large-scale finite element computations. It appears that a tangent-based implementation of the modified model of Uzan ͑1992͒ would be cumbersome due to the complex form of the stress-dependent moduli.
In this paper, a new coupled, hyperelastic constitutive model is proposed to characterize the resilient behavior of granular materials. The coupling property accounts for both shear dilatancy and pressure-dependent stiffness-important attributes of any reason-able constitutive model of a granular ͑frictional͒ material ͑Lade 1988͒. The model is developed by adding a simple coupling term and a nonlinear shear response to the ordinary strain energydensity function of linear elasticity. The resulting model is path independent, with nonlinear moduli depending on the strain invariants ͑hence it is initially isotropic͒, and with four material constants that can easily be obtained using resilient triaxial test data. It is demonstrated, in the sequel, that this model yields a better statistical fit to the test data than do the models of Hicks and Monismith ͑1971͒ and Witczak and Uzan ͑1988͒. Furthermore, unlike earlier models of resilient response ͑with stressdependent moduli͒, it is amenable to large-scale finite element computations.
The coupled hyperelastic model is also compared with a model intended to characterize the elastic behavior of soils, sand, and silty sand ͑Lade and Nelson 1987͒. The Lade-Nelson model is also path independent, uses three material constants, and is formulated on the assumption that the Poisson's ratio is constant. It has been demonstrated that the Lade-Nelson model performs very well in characterizing the resilient response of pavement materials, especially compared to the earlier models of resilient response. Like the coupled hyperelastic model, it is amenable to large scale computation. However, the coupled hyperelastic model yields a better statistical fit to the resilient triaxial test data than does the Lade-Nelson model. It follows that ͑like the LadeNelson model͒ the proposed model may also be applicable to characterize the elastic ͑loading-unloading͒ behavior of various types of soil and sand ͑as part of an inelastic model͒. In order to address this issue, a qualitative investigation of the applicability of the proposed model to elastic behavior of materials with, practically, constant Poisson's ratio is presented.
In summary, this paper contains an overview of earlier models of resilient response along with similar models proposed to characterize the elastic response of soils and sand-some of which have influenced ͑as in the case of Lade and Nelson 1987͒ and have been utilized in ͑as in the case of Boyce 1980͒ the research on pavement materials. The formulation of the proposed coupled hyperelastic model is presented, followed by the results of a numerical experiment to demonstrate its capabilities. The details necessary for the finite element implementation of the model, as well as a novel ͑weighted nonlinear least-squares͒ curve-fitting technique, which can be used to obtain the material constant from triaxial test data for the models addressed in this study, are provided.
Notation
Let S represent the stress tensor field and E the strain tensor field in the granular material. It will prove convenient to characterize the constitutive behavior of the material in terms of volumetric strains and deviatoric strains. For small strains the change in volume is equal to the trace of the strain tensor. Let us call the volumetric strain
Note that ⑀ϭan invariant of the strain tensor. The strain deviator can be defined as
where Iϭidentity tensor. The octahedral shear strain ␥ is an invariant of the deviatoric strain and is defined through the relationship
Invariant measures of stress can also be defined. Let us call the mean stress
where tr(S)ϭfirst variant of the stress tensor S. The stress deviator is then
The octahedral shear stress , an invariant of the deviatoric stress, is defined as 2 ϵ
The invariants ⑀, , ␥, and can be used to conveniently describe isotropic constitutive relationships and will be used throughout this paper.
Resilient Modulus Constitutive Models
In the literature the resilient modulus M r , which is the ratio of the deviator stress to the recoverable axial strain at shakedown, is recorded. Extensive efforts have been made to characterize the resilient modulus with the associated stress state. Perhaps the earliest model was the so-called k -model ͑Hicks and Monismith 1971͒ which suggests that the resilient modulus is proportional to the mean stress raised to a power, or
where ϵ͉tr(S)͉ϭ͉ 1 ϩ2 2 ͉ϭabsolute value of the volumetric stress acting on the sample in a triaxial test with axial stress 1 and lateral stress 2 . The parameters k and nϭmaterial constants. Note that in Eq. ͑7͒ is a predefined constant with appropriate units of stress ͑e.g., ϭ1 kPa, ϭ1 MPa, etc.͒. It is included to normalize the ͑volumetric͒ stress and is not a material constant. The k -model has become a very popular material model, partly due to its simplicity, and has been widely used in practice since the late 1970s. Uzan ͑1985͒ observed that the k -model did not summarize measured data well when shear stresses were significant, and proposed a three-parameter model of the form 
where ϭPoisson's ratio. The resilient modulus models given by Eqs. ͑7͒, ͑9͒, and ͑10͒ have attributes that can be problematic: ͑1͒ They may predict energy production in closed loading cycles and hence, violate the laws of thermodynamics; ͑2͒ they are path dependent; and ͑3͒ they yield nonunique strain states for certain stress states ͑and vice versa͒. The first attribute mentioned above is easily resolved. Hjelmstad and Taciroglu ͑2000͒ showed that there will be no energy production provided that the material constants for these models are restricted by the inequalities kϾ0, nϩmϽ1, and Ϫ1Ͻ Ͻ1/2. As will be discussed later in more detail, the second attribute can be remedied by choosing an appropriate nonlinear Poisson's ratio ͑which invalidates the limits on the material parameters given above͒ so that a constitutive model of the form given in Eq. ͑10͒ can be derived from a complementary strainenergy density function ͑Uzan 1992͒.
The third attribute of the k -and Uzan-Witczak models is both a practical and a theoretical concern. As indicated by Eqs. ͑7͒, ͑9͒, and ͑10͒, there exists a possibility of having a zero stress state under a nonzero ͑and nonunique͒ strain state. The converse is also true ͑Hjelmstad and Taciroglu 2000͒. Nevertheless, one can argue, on physical grounds, that because the unbound granular material becomes unstable when there is no confinement ͑e.g., ϭ0͒, a predicted response of this kind is reasonable, and that by combining a model with such an attribute with a plasticity model will resolve the issue because stress states for which the strains are not unique will be excluded by the additional constraints provided by the presence of a yield surface. This argument is certainly valid and, provided that the Poisson's ratio is modified to generate a path-independent model, is applicable to the kmodel. On the other hand, the same cannot be said of the UzanWitczak model. The limitation is particularly severe for this model because as →0, the resilient modulus M r →0 ͑or M r →ϱ, if the exponent mϽ0͒. Consequently, the Uzan-Witczak model predicts that M r ϭ0 or that M r →ϱ under a purely hydrostatic loading. Both are unreasonable predictions.
Even with the aforementioned deficiency, the k -and UzanWitczak models yield good fits to resilient triaxial test data because in the stress regimes of a triaxial test there is always enough confinement to keep the material stable. More importantly, it appears that there is also always some octahedral shear component to the applied stress so that the Uzan-Witczak model stays clear of the troublesome issue. In pavement structures, and for that matter in the numerical analyses of pavements, very small octahedral shear stresses appear and there appears to be no physical reasoning to reject or to exclude them.
Models of Elastic Response of Soil and Sand
In similar developments in the research on elastic behavior of various types of soil, sand, and silty sand, early models for the elastic modulus of the form
have been considered, where 2 ϭ͑effective͒ confining pressure, based on experimental observations on the unloading-reloading behavior of sands and silty sands ͑Janbu 1963; Ko and Scott 1967a, b; Duncan and Chang 1970͒ . The elastic modulus of Eq. ͑11͒ was used with a constant Poisson's ratio, as the resilient modulus in Eq. ͑10͒. Zytynski et al. ͑1978͒ observed that this model is not path independent. Later, Lade and Nelson ͑1987͒ modified the elastic modulus of Eq. ͑11͒ under the assumption that the Poisson's ratio is constant, and obtained
Together with a constant Poisson's ratio, the stress-strain relationship given by the elastic modulus of Eq. ͑12͒ can be derived from a complementary strain-energy density function and hence, is path independent. Lade and Nelson ͑1988͒ argued that as the experimental evidence suggested, the Poisson's ratio for sand and soils is constant for practical purposes. Note that, unlike the Uzan-Witczak model, the Lade-Nelson model yields unique strain states under states of ''nonzero volumetric and zero octahedral shear stress'' because as →0 the elastic modulus E →k 2n . Therefore, the Lade-Nelson model is amenable for use in combination with a plasticity model that naturally handles low volumetric stress states. The shortcoming of the Lade-Nelson model, however, is that it cannot be extended to include higherorder terms in the elastic modulus of Eq. ͑12͒ without modifying the Poisson's ratio. Yet, this deficiency is not serious, because the elastic strains are usually small in the presence of inelastic strains, and the accuracy provided by the elastic modulus of Eq. ͑12͒ may be sufficient for analyses of structures involving sand and silty sand where, unlike pavement structures, inelastic deformations play an active role.
Uzan ͑1992͒, in addressing the work by Lade and Nelson ͑1987͒, modified the ͑earlier͒ Uzan-Witczak model to obtain a path-independent model of resilient response. Uzan suggested that the assumption that the Poisson's ratio is constant is not appropriate for pavement materials, and that the resilient modulus given in Eq. ͑9͒ is a reasonable approximation. Therefore, he argued, a nonlinear Poisson's ratio may be derived such that, in conjunction with the resilient modulus of Eq. ͑9͒, the strainstrain relationship is path independent. Through this reasoning, he obtained the Poisson's ratio as a function of volumetric stress, octahedral shear stress, the exponents of Eq. ͑9͒ ͑n and m͒, and two additional constants ͑c 1 ,c 2 ͒. To wit
Due to the complex form of the function F, appearing in the above equation, it shall not be reproduced here and the reader is referred to the paper in which it is presented ͓Uzan 1992, Eqs. ͑8͒ and ͑9͔͒. Uzan suggests that this modified model yields a better fit to the resilient test data ͑e.g., Allen and Thompson 1974͒ than the Lade-Nelson model. The flexibility in obtaining a fit to the test data provided by the five parameters of this model ͑i.e., k,n,m, c 1 ,c 2 ͒ seems to work well, perhaps not so surprisingly, compared to the three-parameter Lade-Nelson model. However, as mentioned earlier, the complicated mathematical form of this model makes it difficult to obtain an efficient finite element method implementation.
There have been other models, originally intended for characterizing the elastic behavior of sand, that are commonly referred to in pavement-materials research literature. Among these, notably, is the Boyce model ͑1980͒ that uses nonlinear bulk and shear moduli that depend on three material constants. Boyce's model is derived from the principle of reciprocity and it can be shown that it is thermodynamically consistent ͑Loret 1985͒. Recent experiments ͑Karasahin et al. 1994͒ suggest that Boyce's model yields competitive yet not significantly improved results compared to the k -and Uzan-Witczak models when predicting the resilient response of pavement materials. This suggests that the assumed mechanism of the elastic deformation of sand in the Boyce model is not well suited to pavement materials.
Remark
It can be shown that the Lade-Nelson model can be derived from a strain energy density function given by
where, ϵ1/(1Ϫ2n) and the function (k,) is
The strain-energy density function, given above, can be used to obtain a strain-dependent ͑equivalent͒ Young's modulus for the Lade-Nelson model as
Later, we shall make use of the Eqs. ͑14͒ and ͑16͒, when comparing the Lade-Nelson model to the coupled hyperelastic model and when determining the material constants form triaxial test data.
Coupled Hyperelastic Constitutive Models
It is well known that granular materials, unlike metals, tend to change their volume under deviatoric straining, and the shear stiffness is affected by the applied mean ͑compressive͒ stress ͓for experimental evidence see, for example, Ko and Scott ͑1967a,b͒ for sand; and Allen and Thompson 1974 for granular pavement materials͔. This coupling effect between the volumetric and deviatoric response, the presence or absence of a mechanism for drainage, and the principle of effective stress are among the important attributes of granular materials to be considered when developing reasonable constitutive models to represent their behavior under loading ͑Lade 1988͒. Also, in general, a reasonable constitutive model should be capable of capturing the essential aspects of the load-deformation characteristics of the material that it intends to represent and the boundary value problem that it will be used for, without violating the laws of thermodynamics. Furthermore, it is desirable that the model be amenable to large-scale computation.
The framework of hyperelasticity provides a good foundation for developing constitutive models to represent the resilient behavior of granular materials. For a hyperelastic material, the stress is related to the strain through the strain energy density function
which, in turn, guarantees a path independent response. The hyperelastic model is capable of representing resilient behavior and is suited to large-scale finite element computation. An uncoupled isotropic hyperelastic constitutive model can be derived from a strain energy density function of the form W(⑀,␥)ϭU(⑀)ϩV(␥). In particular, linear isotropic elasticity has the strain energy
Noting that the relationships ‫ץ/⑀ץ‬EϭI and ‫␥3(ץ‬ 2 )/‫ץ‬Eϭ2Ē , the linear elastic constitutive relationship takes the form
SϭK⑀Iϩ2GĒ
( 19) where K and G are usually called the bulk and shear moduli, respectively. This relationship between stress and strain is the familiar Hooke's law. The mean pressure and octahedral shear stress can be computed from Eq. ͑19͒ as
It is obvious from Eqs. ͑18͒, ͑19͒, and ͑20͒ that the volumetric and deviatoric responses are uncoupled. A coupling effect can be introduced via a strain energy density function of the form
where K, G, b, and cϭmaterial constants. One can see the remnants of linear elasticity in this strain energy function with two additional nonlinear terms. The fourth term gives the coupling effect. It has been observed experimentally that the response in shear is nonlinear even when bulk stress effects are fixed. Thus, the third term enhances the primary shear response strain energy to include a quartic term. Using the definition given in Eq. ͑17͒ with the strain energy function given in Eq. ͑21͒ we obtain the stress-strain relationship
The mean pressure and octahedral shear stress are related to the volumetric and octahedral shear strain as
The coupling in Eq. ͑23͒ is evident. To keep the volume constant under shearing, the pressure must increase. Because Eq. ͑23͒ is linear in ⑀, one can relate shear stress to shear strain and mean stress as
From this relationship one can observe two important things. First, the first-order coupling feature that leads to increased shear stiffness is evident in the first term. ͑Remember that mean stress is negative in compression͒. Second, the nonlinear effect represented by the second term suggests that including the term b␥ 4 in the strain energy function is essential for the reason that, since the parameter c will be determined by the primary coupling effect, the nonlinear shear response is dictated by the primary coupling without the freedom provided by b. Fig. 2͑a͒ displays the results of a numerical experiment in which octahedral shear stress is applied to the specimen under various values of constant ͑compressive͒ pressure ͑i.e., 0, Ϫ70, Ϫ350, and Ϫ700 kPa͒ for the HD1 material parameter values described in the next section. The left graph on Fig. 2͑a͒ shows the variation of volumetric strain ⑀ with respect to octahedral shear stress. As indicated by this graph, deviatoric loading ͑i.e., octahedral shear͒ causes an increase in the volume of the specimen. The behavior predicted by an uncoupled model ͑e.g., the linear elastic model͒ would yield straight lines instead of the curved ones displayed in this graph. Furthermore, as indicated by the same graph, the rate of volume increase with respect to octahedral shear stress decreases for higher values of constant pressure. In other words, the higher the applied ͑hydrostatic͒ pressure, the less the volume change for a given level of octahedral shear stress. The right graph in Fig. 2͑a͒ indicates that the material becomes stiffer in its deviatoric response for higher values of applied pressure.
The results of the dual experiment to the one described above in which pressure is applied to the specimen under various values of constant octahedral shear stress ͑i.e., 0, 70, 350, and 700 kPa͒ is displayed in Fig. 2͑b͒ , which indicates that as the pressure is decreased from Ϫ700 kPa to 0 psi, material becomes less stiff in its deviatoric response and may eventually fail for low values of hydrostatic pressure.
Remark.
It is interesting to note that the term Ϫ3c⑀␥, rather than Ϫ3c⑀␥ 2 in Eq. ͑21͒ might be considered the simplest coupling term. However, it is not a suitable choice for the coupling term in the present context of granular materials. Taking bϭ0, for simplicity, one can show that this model leads to the linear relationships
This model has the undesirable feature that shear stress can develop in the absence of shear strain. Clearly, the model of Eq. ͑23͒ does not have this peculiar feature.
''Poisson's Ratio'' of Proposed Model
In this section applicability of the proposed model, to materials with practically constant Poisson's ratio such as soils and sand, is investigated in a qualitative fashion. In the classical sense, the term ''Poisson's ratio'' is the ratio of the axial strain to the negative of the lateral strain in a uniaxial test for a linearly elastic material. A uniaxial test is not applicable for granular material because confinement is required to keep the material stable. Therefore, in a more general sense that is applicable to granular materials, the Poisson's ratio is given by
where the so-called bulk and shear moduli are defined to be K ϵ/⑀ and Gϵ/(2␥), respectively. Note that the definition given in Eq. ͑26͒ is equivalent to the classical definition when the lateral stresses are zero. This latter definition of the Poisson's ratio can be generalized for nonlinear response by taking into account the relationships between the stress and strain invariants. It follows that, for the proposed model, we can define the nonlinear Poisson's ratio as
where the nonlinear functions K c ϵKϪ3c␥ 2 /⑀ and G c ϵG ϩb␥ 2 Ϫc⑀, are obtained from Eqs. ͑23a͒ and ͑23b͒. A threedimensional plot of the variation of this nonlinear ''Poisson's ratio'' with respect to the strain invariants ⑀ and ␥ is displayed in Fig. 3 . For this particular plot, the values of the material constants were taken to be those of a granular base material ͑namely the MD1 specimen of Allen-Thompson tests͒ as will be presented later in this paper. Note that as ⑀,␥→0, the nonlinear Poisson's ratio for the proposed model approaches c → 0 , where 0 ϭ(3Kϩ2G)/(6Kϩ2G), and it can be shown that is bounded, with lower and upper limits Ϫ1Ͻ c Ͻ0.5 within the strain ranges, ⑀͓0,Ϫϱ͔ and ␥͓0,ϩϱ͔. Furthermore, for the proposed model, a constant Poisson's ratio is recovered only when all of the nonlinear terms are omitted. Under small straining, the variation in the nonlinear Poisson's ratio is not large. Therefore, even when the nonlinear bulk and shear moduli ͑K c , G c ͒ are highly nonlinear, the value of c , which is a ratio of the combinations of the two given in Eq. ͑27͒, is less sensitive to straining. Indeed, as Fig.  3 indicates, the Poisson's ratio of the coupled hyperelastic model varies mildly under deviatoric straining ͑␥͒ and somewhat more strongly under volumetric straining ͑⑀͒ for this particular granular material ͑MD1͒. The variation in the direction of each of these strain invariants is governed by the values of the constants b and c. Although, as mentioned earlier, a material with a constant Poisson's ratio may not be completely characterized by the proposed model, a mildly varying Poisson's ratio is attainable. Therefore, the proposed model may well be applicable, with reasonable accuracy, to model the elastic behavior of various types of sand and soil provided that it is calibrated with appropriate tests.
Note that the Poisson's ratio of the Lade-Nelson model ͑for MD1͒ is equal to 0.39, which is close to the value of the nonlinear Poisson's ratio of the coupled model at zero strains ͑ 0 ϭ0.35͒. As evidenced by the strain-energy density functions, given in Eqs. ͑14͒ and ͑21͒, these two models cannot be made equivalent by assigning different values to their material constants, and therefore one is not a special case of the other.
Determination of Material Constants
The values of the material constants for the k -, Uzan-Witczak, Lade-Nelson models, and the present coupled hyperelastic model, were determined through a weighted nonlinear leastsquares curve fitting procedure using the resilient triaxial test data obtained by Allen and Thompson at the University of Illinois ͑1974͒. They conducted tests on nine different specimens and measured both vertical and lateral strains during each test. A brief description of these materials can be found in Table 1 . In what follows, the formulation of the curve-fitting procedure and the findings are presented.
In a triaxial test, axial ͑ 1 ͒ and lateral ͑ 2 ͒ stresses are applied to the specimen. From these ͑known͒ values, the mean and octahedral stresses can be computed as
The axial ͑⑀ 1 ͒ and lateral ͑⑀ 2 ͒ strains are also measured. From these measured values the mean and octahedral strains can be computed as
Let us define the mean and deviatoric residual functions as
where ͕ i , i ,⑀ i ,␥ i ͖ϭmeasured stresses and strains for observation i and xϭvector of unknown material constants. For example, for the coupled hyperelastic model these would be x ϭ͓K,G,b,c͔ T . The quantities that are experimental data, in the equation above, are marked with a ''hat'' ͑ˆ͒ symbol to distinguish them from predicted values. To determine the constitutive parameters from triaxial measurements we minimize the weighted least-squares residual function
where the weighting parameter can be specified to have a value between 0 and 1. By varying the value of we can weight the volumetric and deviatoric components of the test data differently. This approach helps to take into account the relative differences in the magnitudes of the volumetric and deviatoric stress and strain. The best fit may occur for values of other than 0.5. The solution of the minimization problem can be achieved with the Gauss-Newton method as described in the Appendix.
Construction of Residual Functions
For the Uzan-Witczak model, it can be shown ͑Hjelmstad and Taciroglu 2000͒ that the resilient modulus can be expressed in terms of the strain invariants
where, ϵ1/(1ϪnϪm) and the function (k,) is
Note that we recover the resilient modulus for the k -model when the exponent mϭ0 in Eq. ͑32͒. This expression of the resilient modulus then can be used to obtain the stress-strain relationships
These relationships can be used to construct the residual functions given in Eqs. ͑30a͒ and ͑30b͒. For the Lade-Nelson model, the resilient modulus ͑M r ͒ in Eq. ͑34͒ is replaced by the Young's modulus ͑Ē ) which is given in terms of the strain invariants in Eq. ͑16͒. Note that the use of the stress-dependent versions of the moduli for any of these models in the curve-fitting procedure would require the recovery of the stress invariants that are consistent with the given strain state. This amounts to solving a set of additional nonlinear equations. The closed-form solution of these equations, however, amounts to replacing stress-dependent moduli with their strain-dependent equivalents. Therefore, both procedures yield identical results.
On the other hand, the stress-dependent versions of the moduli may be used in the curve-fitting procedure without resorting to the recovery of the stresses that are consistent with the strains. In that case, the residuals are given by the formulas 
where ͑or ͒ and that appear on both sides of these equations above, are taken to be the ͑known͒ experimental values. Yet such a least-squares fit is not equivalent to minimizing the difference between the applied and predicted stresses. Therefore, such a curve fitting would yield different values for the material constants from the procedure described previously. Our experiments with both methods yielded different values for the material constants. The curve-fitting procedure with the strain-dependent moduli yields a smaller error between the predicted and applied stresses, as might be anticipated. Thus, the material constants obtained using the strain-dependent moduli as in Eq. ͑34͒ are preferable. Table 2 displays the values of the determined material constants for the nine different materials in the Allen-Thompson data set. These values were obtained by varying the value of the weight parameter in the objective function of Eq. ͑31͒. As explained earlier, the parameter may be varied to weigh the volumetric and the deviatoric response data differently. The effect of varying the value of on the error between the predicted and applied octahedral and volumetric stresses can be seen in Fig. 4 . It is apparent from this figure that as →1, the error in mean stress predictions decreases while the error in octahedral stress predictions increases for all the models except, as expected, the linear elastic model ͑which is independent of ͒. The ''standard error,'' as given by the formula
Comparison of Models
is a measure of the discrepancy between the predicted p and the observed p quantities in N observations. A perfect agreement yields a standard error Rϭ0. The values of the weight parameters with which the smallest total standard errors are attained ͑*͒ are displayed in Table 3 for all the test specimens. The same table includes the ratio between the standard errors corresponding to the optimal ͑ϭ*͒ and the median ͑ϭ0.5͒ values of the weight parameter. As these results indicate, although the best fits are usually attained for values of other than 0.5, there is not a significant change in the total standard error value as →0.5. The change is even less pronounced for the Lade-Nelson and the coupled hyperelastic models. This observation indicates that the k -and the Uzan-Witczak models are more sensitive to the value of their material constants than are the other two models. It is also interesting that the proposed model yields smaller standard errors than does the linear elastic model for all values of . The same cannot be said for the other models. Fig. 5 displays the applied stresses versus the stresses predicted by the different models for the HD1 specimen. In this figure, the results of the k -model are omitted for brevitynoting that the Uzan-Witczak model yielded a similar but somewhat better fit. As indicated by this figure, the scatter in the predicted stress values reduces as we move from the linear elastic model to the proposed model. The same is true for the rest of the specimens. In Fig. 6 , the total standard error values for all of the nine specimens are displayed. The Lade-Nelson model, although possessing the same number ͑3͒ of material constants, consistently yields smaller standard error values than the k -model. The Lade-Nelson model is also nearly as successful as the UzanWitczak model that uses four parameters. Coupled hyperelastic model ͑also four parameters͒, on the other hand, makes better use of the flexibility provided by the extra parameter than does the Uzan-Witczak model and yields a significantly reduced total standard error value. These observations are valid for all of the nine test specimens.
Remark
In most cyclic triaxial tests the lateral strain ⑀ 2 is not measured. The evaluation of the material parameters then goes as follows. The resilient modulus M r is measured for each level of applied stress and tabulated as the ratio ( 1 Ϫ 2 )/⑀ 1 . The material constants k, n, and m ͑of the Uzan-Witczak model͒ are determined by minimizing the error function e(k,n,m)ϵln͓M r meas ͔ Ϫln͓k(/) n (/) m ͔, where M r meas is the value of the measured ratio ( 1 Ϫ 2 )/⑀ 1 and ϵ͉ 1 ϩ2 2 ͉/3 and ϵͱ2͉ 1 Ϫ 2 ͉/3 are evaluated from the measured applied stresses. This data fit can be done with linear least squares. Unfortunately, the values of the material constants obtained by this procedure are not consistent with the constitutive model described by Eq. ͑10͒ because it implies that the lateral strain ⑀ 2 is equal to zero. A consistent method that avoids the use ͑and therefore the measurement͒ of the lateral strain is possible. This can be done by obtaining an expression for the lateral strain through the constitutive relationship in terms of the measured quantities and the material constnats-i.e., for the Uzan-Witczak model, ⑀ 2 ϭ f ( 1 , 2 ,⑀ 1 ,k,n,m)-and by substituting this relationship in the least-squares formulas. Note that such a ''computed'' lateral strain is consistent with the constitutive model. The same procedure can be applied to the model proposed in this study as well. Nevertheless, it is reasonable to expect that such a procedure will yield poorer results compared to the procedure that uses the measured lateral strains because it introduces a constraint without which a more feasible solution of the least-squares minimization may be reached. Therefore, provided that reasonably accurate measurements of the lateral strains are made, it is preferable to utilize them in obtaining the material constants rather than to eliminate them from the formulas through algebraic arguments. The data set used in this paper included a measurement of ⑀ 2 and the constants for all of the material models were found by the procedure described previously.
Special care is required for conversion of units for the k -, Uzan-Witczak, and the Lade-Nelson models, even when converting within the same unit system. The coefficient ͑k͒-appearing in the Eqs. ͑16͒ and ͑32͒-has the proper units as displayed in Table 2 . They are to be interpreted through the definition, for example, Therefore 242 MPa and 42,000 kPaϭvalues of the material constant k for the MD1 specimen in different units of stress.
Material Tangent Stiffness of Proposed Model
To perform numerical computations by Newton's method with nonlinear material models one must evaluate the material tangent stiffness C. The material tangent stiffness C for the proposed model can easily be computed as
where the tensor S is given by Eq. ͑22͒. Thus, C is given by C͑⑀,␥ ͒ϭKI Iϩ2͓Gϩb␥ 2 Ϫc⑀͔1
Ϫ2c͓Ē IϩI Ē ͔ϩ2bĒ Ē
where I Iϭfourth-order identity tensor with components ͓I I͔ i jkl ϭ␦ i j ␦ kl ,1ϭfourth-order tensor with components 1 i jkl ϭ␦ ik ␦ jl Ϫ 1 3 ␦ i j ␦ kl , and the components of the tensor I Ē ϭ͓I Ē ͔ i jkl ϭ␦ i j Ē kl .
Conclusions
A coupled hyperelastic constitutive model for predicting the behavior of granular materials has been proposed. The model predicts the dependency of deviatoric response on the hydrostatic pressure and the change in volume under deviatoric loading, phenomena that are deemed important in modeling granular materials. The proposed model can easily be implemented in a finite element analysis program and it is amenable to large scale computation. This feature of the proposed model is particularly important since for consideration of nonaxisymmetric loads and for studying the effects of wheel load interaction, large-scale computation is inevitable. The proposed model may also be used to model the elastic behavior of soils provided that it is calibrated with appropriate tests. Since the constitutive model is hyperelastic, the stress state for given strains is unique, and the response of the material is path independent. However, the bounds on the material constants within which the constitutive model is stable and unique are not established.
The proposed model has been calibrated using resilient test data obtained from the literature, and it has been shown that it gives better fits to the test data than the existing models. A weighted nonlinear least-squares procedure is outlined, which allows different weighting of the volumetric and deviatoric response data.
